
Notes on Work-Energy and Capacitance

1 Work-Energy Theorem

It is helpful to recall the work-energy theorem, a topic you studied in Physics I.
Starting from Newton�s second law ~F = m~a we saw that the change in kinetic
energy �K of a particle of mass m; between initial and �nal states, is given by
the work done by all forces ~F ;

�K = K2 �K1 =
1

2
m j~v2j2 �

1

2
m j~v1j2 =W =

Z 2

1

~F � d~l

As you will recall, the work W is de�ned as the integral of ~F � d~l along the path
the particle follows between points 1 and 2. In a full three-dimensional version
of this discussion, if ~F is the the Coulomb force of a point charge Q; then the
work done on some positive test-charge q is independent of path. For example,
if charge Q is sitting at the origin, then the work to move charge q from a radius
r1 to a radius r2 is given by

W = �
�

qQ

4��0r2
� qQ

4��0r1

�
We can see clearly that the work is independent of the path, forW only depends
on the initial and �nal locations, ~r1 and ~r2; but on none of the locations in
between these two end points. If we now bring this work term over to the other
side of the equation, it takes the form of a conservation law,

(K2 �K1) + (U2 � U1) = 0

where we de�ne the change in "potential energy" to be

�U = U2 � U1 = �
Z 2

1

~F � d~l:

Notice that we pick up a minus sign when we bring W to the other side of the
equation and call it �U ; this is why the change in potential energy is always
written as the negative of the work.
Next, because �U depends only on the �nal and initial positions, we are

able to to combine the initial and �nal kinetic and potential energy terms at
the two endpoints, and write what we call a statement for "conservation of total
energy",

(K2 + U2)� (K1 + U1) � E2 � E1 = 0:

Here the total energy

E = K + U =
1

2
m j~vj2 + qQ

4��0r
;
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is de�ned by us to be the sum of the kinetic and potential energies. I enjoy
reviewing this basic exercise in mechanics because it shows how we invent the
concept of energy for convenience, starting from Newton�s Second Law. Con-
trast this with the way energy was introduced in thermodynamics; there we
postulated that energy is an "extremely important state function" for which
there is a conservation law called the First Law of Thermodynamics, without
worrying about how energy should be described by Newton�s laws.

2 Electrical Potential

Let us now focus on the just the electrical potential energy. As always, what
matters in conservation of energy discussions is the change in energy between
two locations,

�U = �
Z 2

1

~F � d~l = �
Z 2

1

qQ

4��0r2
r̂ � d~l

Earlier we brought in the concept of the electric �eld as being the force per
charge, ~E = ~F=q. This was purely for convenience, with the idea that it was
not clear what test-charge q we might choose to focus our attention on, and
as q is a trivial proportionality factor, we may as well divide it out. Similarly
here, as far as the potential energy di¤erence goes, it is convenient to talk about
the potential energy di¤erence per charge and divide out the charge. Thus we
introduce a new quantity V = U=q; so that the change in V is given by

�V =
�U

q
= �

Z 2

1

~F

q
� d~l = �

Z 2

1

~E � d~l

The quantity �V is called the change in "electrical potential", and has units
of Joules/Coulomb. In mks units, 1 J/C is de�ned to be 1 Volt, in honor of
Alessandro Volta, who invented the �rst battery in 1799. Just as the di¤erence
in electrical potential energy is the integral of the force through a distance, the
di¤erence in electrical potential is the integral of the �eld through a distance.
It is always de�ned with the idea that the charge we intend to move is positive,
and so moves in the direction of the �eld ~E: Thus when the charge is up�eld, it
is at a high electrical potential, and when the charge is down�eld, it is at a low
electrical potential.
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3 Conservative Fields

We based our entire discussion above on the case where the �eld is due to a
�xed point charge Q;

~E =
Q

4��0r2
r̂

To summarize this discussion with our new lingo, we say that the Coulomb �eld
gives rise to an electrical potential di¤erence depending only on the endpoints,

�V =
Q

4��0r2
� Q

4��0r1

An equivalent way to state this property is to say that the integral of the �eld
around any closed loop is zero; I

any path

~E � d~l = 0

To understand why this statement is equivalent, picture such a closed path the
connects the point located at ~r1 to the point located at ~r2:We can always divide
the path integral into two parts, the integral on the path between two arbitrary
points ~r1 and ~r2; and the integral on a di¤erent path coming from ~r2 back to
~r1: With some searching, we might be able to �nd two paths for which these
integrals are equal and opposite, implying that their sum,Z

path A

~E � d~l +
Z

path B

~E � d~l = 0;
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add up to zero. However, if the sum of these two integrals is zero for any
arbitrary path, it must be the case that the integrals depend on the di¤erence
of some function evaluated at the two endpoints. If we call this function V; then
we have:

�
Z

path A

~E � d~l = V (2)� V (1);

�
Z

path B

~E � d~l = V (1)� V (2);

)
I

closed loop

~E � d~l = (V (1)� V (2)) + (V (2)� V (1)) = 0

A �eld with this property is called a conservative �eld, because potential is
restored to its original value when you return to the starting point. Another
well-known �eld that has this property is the gravitational �eld. This is no
surprise, for the law of gravity for two point-masses,

~F = �GMm
r2

r̂

is isomorphic to Coulomb�s law for two point charges. What is true for electric
�elds must also be true for gravitational �elds.

4 Superposition

Due to principal of superposition, any Coulombic electric �eld (an electric �eld
caused by a superposition of charges) must also be conservative, just as any
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gravitational �eld (caused by a superposition of point masses) must be conser-
vative. In the case of gravity, there is a well-known example of its conservative
nature: If you hike up a mountain on one trail, and return to the starting point
on a di¤erent trail, the work done on you by gravity around the closed loop must
be exactly zero. If the gravitational �eld were not conservative, you could then
have a situation where if you hiked up a mountain one way, and came down a
mountain the other way, you could end up with more energy than you started
with! Obviously the laws of thermodynamics would no longer hold. Imagine
hiking to the top of South Truchas Peak from Truchas Lakes via the saddle
to its North, and then dropping down the ridge to its South, and returning to
Truchas Lakes all refreshed and ready for another loop. Wouldn�t this be nice!

5 Equipotential Surfaces

Previously we have sketched the "electric �eld lines" for simple collections of
point charges. Field lines are imaginary �ow-lines that emanate from positive
charges, and terminate on negative charges. They help in visualizing the force
that a charge would experience were it placed at various locations in the �eld. In
the case of charges moving at terminal velocity through a viscous medium, such
as the behavior of ions in solution, or electrons in a metal, these lines represent
the actual trajectories that the charged particles will follow, and that is why
they are so important; as we will discuss, there is a one-to-one correspondence
between the �eld lines and the electrical current density in isotropic conductors.
Speci�cally, in conducting materials, the drift velocity of a moving charge is
proportional to the electric �eld,

~vdrift velocity = � ~E;

with a proportionality constant � that is called the mobility. But we are not
particularly concerned with the mobility right now; the important thing to
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realize is that magnitude and direction of ~E corresponds to the magnitude and
direction of ~v in steady-state.
Consider now the change in electrical potential along a �eld line. Imagine

that you follow a positive ion, drifting in the direction of the �eld. The potential
change,

�V = �
Z 2

1

~E � d~l

can then be written without the dot product, because ~E and d~l will be parallel
vectors. The minus sign out front tells us that the potential drops as we follow
the electric �eld. You should think of this as though you were following the path
of a stream, �owing down the side of a mountain, following the easiest possible
path along which to decrease the gravitational potential.
In what direction would you hike in order to maintain the same gravita-

tional potential? You would move across the mountainside, following a path
perpendicular to the gradient, of course. Such paths of equipotential are called
contours. In New Mexico, contours are not necessarily abstract constructs; in
many parts of the Pecos wilderness, for example, there are real trails following
the mountain contours that have been carved into the mountainsides over the
years by mountain goats seeking to maintain a constant elevation in their mi-
grations. By connecting points of constant elevation in a survey, it is possible
to map out the equipotential lines. When they are spaced at regular intervals
on a topographic map, it is easy to spot where the mountain slopes are steep
and where they are gradual. The standard contour interval is 20 feet, but this
may also be marked in 40 foot intervals, or even 100 foot intervals, depending
on the scale of the map. What is the contour interval on the map of Truchas
Peak, above?
If you have never thought about contour lines before this, there is no need

to feel sheepish. We will study them, however, in the context of electrical
potential rather than gravitational potential. It is easy to see that paths of
constant voltage correspond to paths along which ~E and d~l are perpendicular,
so that �V between any two points is zero;

�V = �
Z 2

1

~E � d~l = �
Z 2

1

��� ~E��� ���d~l��� cos (90�) = 0:
Knowing this, it is easy to map out the contour lines on a �eld diagram by
connecting �eld lines with perpendicular lines. Below I have pasted in such a di-
agram for the case of a dipole, created from the electric �eld applet found on the
internet at http://www.cco.caltech.edu/~phys1/java/phys1/EField/EField.html;
You will have to add this address to the list of exceptions in your java security
control panel, and then give permission to run this applet each time.
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The white lines are the electric �eld lines, and the red and blue lines perpen-
dicular to these are the lines of equipotential. The equipotential lines have been
drawn at regular intervals, so the regions where they are dense (such as next to
the positive or negative charges) represent a higher �eld gradient, and regions
where they are sparse represent a lower �eld gradient. The �gure doesn�t show
it clearly, but there should be a vertical equipotential line exactly half-way be-
tween the positive and negative charges. Traveling along this line, you would
maintain an equal distance between + and -.

It is not just a line, but a plane on which you could travel while the potential
remains constant. Unlike Truchas Peak, here each contour line in our �gure
indicates the projection, in the plane, of an equipotential surface. These are
referred to as equipotential surfaces.
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6 Capacitors

We have often discussed charging an object without concerning ourselves about
where this charge comes from. What we mean by "charge" of course is actually
excess charge. Consider a neutral piece of metal. For the metal to be neutral it
means that the number of electrons is the same as the number of protons. To
say that we place a positive charge Q on the metal implies that we have removed
some of the electrons, so that there is an excess of protons left behind. To say
that we place a negative charge �Q on the metal implies that we have added
electrons to the metal. Charge is conserved overall, so if we place electrons on
one piece metal, they must be borrowed from another object. There are always
two surfaces involved in any charging experiment. One will have chargeQ, at the
expense of the other having a charge �Q: Both positive and negative surfaces
taken together comprise an electrical device called a capacitor. Typically a
capacitor is comprised of two isolated metal surfaces. Charge is transferred
from one to the other, after which they naturally attract one another. To keep
the surfaces from touching one another and neutralizing the charge, they are
normally kept apart by a thin insulator, such as a sheet of waxed paper, or
plastic. Insulators used in this capacity are referred to as dielectrics.
In the �gure below I have sketched some of the electric �eld lines for a

capacitor comprised of two pieces of metal of arbitrary shape. One has a charge
+Q; and the other a charge �Q; as indicated. The electric �eld lines leave
depart from the positively charged surface, and terminate on the negatively
charged surface. As we have discussed previously, in equilibrium the component
of the electric �eld parallel to a metal surface must be zero, or else charge
would continue to �ow. In keeping with this property of metals, I have drawn
the electric �eld lines to emerge from the metal surfaces perpendicular to the
surface. I have also sketched dotted lines to indicate (the projection of) some of
the equipotential surfaces. The dotted lines are drawn to be perpendicular to
the �eld lines. Note that close-in, the dotted lines hug the metal surfaces. Why
is this? Because there is no electric �eld tangent to a metal surface, a metal
surface is an equipotential surface.
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Bringing back the analogy with topographic maps, our chunks of metal are
analogous to mesas. You have to climb up to reach the top of the mesa, but
once at the top, you can move about on the �at surface without changing your
gravitational potential energy. The mesa top is a gravitational version of an
equipotential surface. Below I have pasted in the topo maps for two well-known
mesas in NM. The �rst is Cazebon Peak near Cuba, and the second is the mesa
just south of Tucumcari.
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7 Capacitors With Simple Geometries

The simplest capacitor geometries are our three standards, planes, cylinders,
and the spheres.
Example 1: Consider a "parallel plate" capacitor comprised of two parallel

sheets of metal, each with area A = 1 cm2 and separated from one another by
a distance d = 10 �m: The gap between them consists of air. If the potential
di¤erence between the plates is 1:0 Volts, how much charge can the capacitor
hold?
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To connect the voltage di¤erence to the charge, we need to calculate the
electric �eld. Let us assume that the plates are large enough to be approximated
as in�nite plates, in so far as the electric �eld is concerned. In such a case, the
�eld between the plates is approximately uniform, given by

E =
�

�0
=
(Q=A)

�0

The potential di¤erence between the plates is de�ned by the integral,

�V = �
Z top plate

bottom plate

~E � d~̀= Ed = Qd

A�0
;

which is rather simple to perform because the �eld is uniform. All we care
about here is the magnitude of the voltage di¤erence, by the way. Moreover,
the voltage di¤erence across a capacitor is usually referred to as V; rather than
�V; something we will have to get used to. At this point we can solve for Q :

Q =

�
A�0
d

�
V ' (1� 10�10 C

2

Nm
)V

= (1� 10�10 C
2

Nm
) � (1 Volt) = 1� 10�10C

The key in these devices is to store the maximum amount of charge for the
minimum potential di¤erence between the plates. The proportionality constant
between Q and V is called the capacitance C; and we see that for the parallel
plate capacitor,

C =
A�0
d

The capacitance only depends on geometry; it does not depend on charge or
voltage. This is true for all capacitors. For the parallel plate capacitor, the
capacitance increases with increasing surface area, and increases with decreasing
plate separation. The units of capacitance are obviously Coulombs/Volt, since
the relation

Q = CV

must be satis�ed. In mks units, 1 C/Volt is de�ned to be 1 Farad, in honor of
Michael Faraday. This relation between charge and voltage is the equation of
state for the capacitor.
The capacitor we have constructed above is 0:1 nF. Typical o¤-the-shelf

capacitors that you can buy in Radio Shack range from a few pF to a few �F: A
capacitor with capacitance of a mF is considered extremely large, and they won�t
have that one in stock. In an upcoming class demonstration of a discharging
capacitor, I will use a bank of 10 capacitors, each with approximately 1 mF
capacitance, strung together in parallel, giving an overall capacitance of 10 mF!
Example 2: Spherical Capacitor
Consider capacitor comprised of two concentric spherical metal shells, the

inner one with radius R1 and the outer one with radius R2: What is its capaci-
tance?
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To �gure out the capacitance, we pretend that one shell has a charge Q and
the other shell has a charge �Q: The electric �eld between the two shells can be
calculated easily by applying Gauss�s law, and is given by ~E = Q=

�
4��0r

2
�
r̂:

The voltage di¤erence between the shells is the integral of this �eld dotted into
a path going from one shell to the other. It is simplest to follow a radial path, so
we don�t have to worry about the dot product. Integrating dr=r2 and applying
the "power law rule" from calculus class, we �nd that

�V =
Q

4��0

�
1

R1
� 1

R2

�
We only care about the magnitude of the voltage di¤erence in de�ning capac-
itance. To make this voltage di¤erence come out to be positive, I took the
reciprocal of the smaller radius and subtracted from it the reciprocal of the
larger radius. I wouldn�t have been particularly concerned, however, if I had
taken these radii in the reverse order. Finally, the capacitance is the ratio of
Q=V; so we have

C =
Q

Q
4��0

�
1
R1
� 1

R2

� = 4��0�
1
R1
� 1

R2

�
Example 3: Capacitance of an Isolated Sphere
What is the capacitance of our Van de Graa¤ generator? Imagine it being

constructed of an inner sphere of radius R1 ' 10 cm, and an outer surface with
radius R2: Now imagine that the surface from which the charge is being taken
is far enough away to replace R2 by 1: Then we have

Cisolated sphere = lim
R2!1

4��0�
1
R1
� 1

R2

� = 4��0R1
This is an interesting result; a charged isolated sphere can be considered to
be a capacitor where the other surface from which the charge is transferred is
in�nitely far away; it has a capacitance that only depends on its radius. We
�nd that C ' 10 pF.

8 Capacitors in Parallel and Series

An electrical circuit may require a capacitor with a speci�c capacitance, such as
3:0 �F; but the Radio Shack store in your town may only sell 1:0 �F capacitors
(assuming that it is still in business). What can you do? The answer is to buy
three 1:0 �F capacitors and hook them in parallel. See the �gure below.
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By hooking all of the top surfaces together, and all of the bottom surfaces
together, you triple the area A while keeping the plate separation d the same.
Since the capacitance goes as �0A=d; this way you triple the capacitance.

CParallel = 3C

Does this also apply for the case where the capacitors do not have a parallel-plate
geometry? Indeed, you can think about this abstractly. In fact, let us consider
hooking three di¤erent capacitors together in parallel, one with capacitance
C1; one with C2; and the third with C3: The total capacitance C is the ratio
of the total charge on all three capacitors taken together, to their common
voltage drop. When the three capacitors are hooked in parallel, the top surfaces
become one big equipotential surface, and the bottom surfaces become the other
equipotential surface. In this manner, the voltage drop across each capacitor is
the same as the common voltage drop across all three together.

V = V1 = V2 = V3

Now, the charge on each plate is such that Q1 = C1V1; Q2 = C2V2; and
Q3 = C3V3. Since all of the voltages are the same, we can write,

Q1 = C1V

Q2 = C2V

Q3 = C3V

Adding up the total charge, we have

Q = Q1 +Q2 +Q3 = V (C1 + C2 + C3)

The common voltage V factors out. Dividing by V on both sides of the equation,
we obtain the ratio of charge to voltage,

Q

V
= (C1 + C2 + C3) = CEquivalent (parallel)

But this is the equivalent capacitance, by de�nition. We see that, in general,
the equivalent capacitance for a set of capacitors hooked together in parallel is
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given by the sum of their individual capacitances. Chaining capacitors together
in parallel gives a larger overall capacitance than any one of the individuals.
In contrast, connecting a set of capacitors together in series reduces the

overall capacitance. Here, what is in common between the capacitors is that
they will each carry the same charge. This is illustrated in the �gure below
showing three capacitors connected in series.

If the bottom plate of the upper capacitor has a charge �Q; then this charge
will have been transferred from the top plate of the middle capacitor, which
then must have a charge Q: Similarly, the bottom plate of the middle capacitor
will be �Q if the top plate of the bottom capacitor has a charge Q: Finally,
to transfer a charge of Q to the top plate of the top capacitor, through some
external circuit, the bottom plate of the bottom capacitor will be left with a
charge �Q:
The common relation is that Q = C1V1 = C2V2 = C3V3: Now, the overall

voltage drop from top to bottom is

V = V1 + V2 + V3 =
Q

C1
+
Q

C2
+
Q

C3

Rearranging this equation gives the charge to voltage ratio,

Q

V
=

�
1

C1
+
1

C2
+
1

C3

�
=

1

CEquivalent

This tells us that

CEquivalent (series) =

�
1

C1
+
1

C2
+
1

C3

��1
This is a general result; it is the reciprocal of the capacitances that add when
they are in series. The equivalent capacitance of a set of capacitors in series will
always be smaller than the smallest capacitance of the set.
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9 Charging Energy

How much work must be performed to put a charge Q on a capacitor with
capacitance C? To charge this reversibly, we break up Q into little elements
dq; and we imagine pushing these from the negative electrode to the positive
electrode, one at a time. For the �rst dq, there is not yet an electric �eld
between the plates, and we can carry it across the gap for free. In general,
however, as the charge accumulates, the electric �eld will grow in strength, and
it will become successively more di¢ cult to carry charges across the gap against
the �eld. The work required to carry a charge dq through a potential di¤erence
V is V dq: Thus we have

�W = V dq

Now, V = q=C grows linearly with increasing q; according to the equation of
state. Substituting the equation of state, we see that the reversible work is given
by the integral,

W =

Z Q

0

q

C
dq =

Q2

2C

As we know quite well by now, the reversible work carried out at constant T is
just the change in some free energy F , and we should therefore write,

�F = Q2

2C

This is the free energy at constant T and Q; and should be written F = U�TS:
If temperature does not matter, i.e. if T�S is unimportant as compared to �U ,
then there is little distinction between free energy and internal energy. We will
follow your textbook, and assume that this is the case, suppressing the quali�er
"free" as though we had never learned about reversibility and the second law,
and writing

U =
Q2

2C

10 Permittivity and Dielectric Constant

As we have discussed above, most capacitors rely on a dielectric material to
hold the metal plates apart. Usually this is a piece of plastic. Although the
dielectric is electrically neutral, as the �eld gets stronger between the plates of
the capacitor, the dielectric becomes polarized. There is a small shift in the
electron cloud of each molecule, with one side becoming positive and opposite
side becoming negative. The e¤ect of this polarization is to screen the charges Q
and �Q on the plates, lowering the electric �eld. The extent of the screening is
proportional to the �eld over a wide range of �eld. This leads to a simple result;
the �eld in the presence of the dielectric has the same form as it would have in
free space, except that the permittivity of free space, �0 is now to be replaced
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by the (larger) permittivity of the dielectric, �: For example, the electric �eld in
a parallel plate capacitor in free space goes as

E =
�

�0

However, for a parallel plate capacitor with a polycarbonate spacer, it goes as

E =
�

�

where � ' 3�0 is the permittivity of polycarbonate, which is approximately three
times as large as the permittivity of free space. By lowering the electric �eld
by a factor of 3; we can put 3 times as much charge on the plates for the same
voltage. Tracking this through to the capacitance, the implication is that the
capacitance

C =
�A

d
' 3�0A

d

will be three times larger.
It is common to catalogue di¤erent insulators according to their dielectric

constant,
K =

�

�0
;

which is de�ned as the ratio of the permittivity of the material to the permit-
tivity of free space.

11 Energy Density in Space

When you charge up a capacitor, you are storing electrical energy for later use.
Where is the energy stored? Is this a silly question? What do we mean by where?
I suppose we would all agree that if we have to ascribe a physical location to the
energy, we would claim that it is stored in the capacitor - somewhere. We are
placing charge on one plate and removing it from the other plate. This seems
to be analogous to carrying rocks up a mountain and leaving them in a pile on
the top. In such a case we would probably claim that the gravitational energy
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is stored "in the rocks", or "in the rocks by virtue of their position". So maybe
we should proclaim that the electrical energy of a charged capacitor is stored
"in the charges, by virtue of their positions relative to one another". There is a
curious way to rewrite the energy, however, that suggests another location.
For a parallel capacitor, the electric �eld is

E =
�

�
=
Q

A�

and the capacitance is

C =
�A

d

If we take the general expression for the energy of a charged capacitor,

U =
Q2

2C
;

and substitute for Q and C; we obtain,

U =
1

2
�E2 (Ad)

The product Ad is the volume of space between the plates of the capacitor. Since
U has units of Joules, what multiplies Ad in the expression above has units of
Joules/m3: We will call

u =
1

2
�E2

the electrical "energy density" between the plates of the capacitor: The name
suggests that we might think of energy as being associated with the strength
of the electric �eld between the plates. To drive this home, realize that we can
write the total energy as an integral,

U =

Z
All Space

1

2
�E2dv (1)

since the �eld is zero in the region outside of a parallel plate capacitor. We will
not prove this here, but it can be shown that this is generally true. Regardless
of the geometry, the energy to assemble a distribution of charges can always be
calculated by performing this integral of the square of the electric �eld over all
space. The formula would have you to believe that there is energy stored in the
�eld !
This is a �tting stopping point for the present. We began with the intro-

duction of the electric �eld as the force per charge, a convenient mathematical
manipulation. We then started drawing electric �eld lines, a convenient picture
for predicting electrical �ow. And now we have ended by suggesting that elec-
trical energy is stored in the electric �eld, with an energy density that goes as
the �eld squared.
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